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The escape of a gas through a plane slit into a vacuum is considered and the flow in the region where it can be represented by
a self-similar solution of the corresponding gas-dynamic system is considered. The asymptotic forms in the neighbourhood of
singular flow surfaces are investigated. In particular, the deviation of the free surface from its analogue in the Prandtl-Mayer
type solution is determined. Copyright © 1996 Elsevier Science Ltd.

The unsteady escape of a gas into a vacuum has been considered in a number of publications (for
example, [1-4]).

1. Consider the following situation. At the instant ¢ = 0 a gas begins to escape into a vacuum through
a plane slit -4 <x < a,y < 0 filled with an ideal gas having an adiabatic index y. When ¢ = 0 the gas
is at rest and the velocity of sound ¢ = ¢y The flow that occurs when ¢ = 0 is symmetrical about the
plane x = 0, and up to the instant ¢ = ¢} two regions can be distinguished in xyt space: (1) a region of
unperturbed one-dimensional flow, corresponding to a plane Riemann wave, and (2) a region of
perturbed two-dimensional flow.

The asymptotic forms of the flow at times close to the instant when expansion begins, and, at finite
times, in the neighbourhood of the boundary between the Riemann wave and the boundary of the
expansion, can be found by the method of matched asymptotic expansions [5-7). In view of the symmetry
of the flow we will consider only the region (x = 0, y, £).

For our further calculations it will be more convenient to use the following dimensionless variables

X=dx, y=ay, t=ff, v,=cg,, U, =cf,. c=¢f, = alc (1.1)

(v, and v, are the corresponding components of the velocity). In the new variables, the slit is defined
by the inequalities -1 < x =< 1, and the velocity of sound in the gas up to the time when the gas begins
to escape is ¢g = 1. The bar on the symbols will henceforth be omitted. The flow is self-similar in the
regions considered up to a certain time ¢ = t§. The boundary between regions 1 and 2 coincides with
the characteristic emerging from the boundary of the slitx = 1,y = 0 at the instant ¢ = 0. The instant
t§ coincides with the instant when this characteristic meets the plane x = 0.

The self-similar variables and functions will be as follows:

g=2" n=%. v, =v (En), v, =v (En), c=cEn) (1.2)
In self-similar variables the flow is governed by the equations
w. - gaag_._( B;ﬁ‘+h;lg];_
é)—+(u "“)aan ;'g%o (13)
§)—E+(v ﬂ)a—{]— Ilfl(a§§‘+a(;lr;')=0 (f=c2, h=%—t—:)
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In the self-similar &, | plane it will be convenient henceforth to use polar coordinates ¢ and r, where
¢ is the angle which the ray from the point § = 0, n = 0 makes w1th the semlams M=0,&= 0) and
r is the distance from the origin (§ = 0, = 0) to the point &, 1 (* = £2 + 1?), and the corresponding
components of the velocity v, = dr/dt, v, = ~rdp/dt. Here

E=—rcosp, 1 =rsing (14)
Uy ==V, C0SQ-U,ysing, U, =, sinQ-v,cosQ

In polar coordinates the gas-dynamic system can be rewritten as follows:

v, -pe Ve, Ve W1

ar r dp r 2 or

vy, v,0u, VU, h-]df
o e _ "9 ¢ e o
©,=n or r 0@ A 2r 99 (15

af ‘_J_?..?Lf_+_2__ Q&_lﬂ.pli.’_ =()
ar rd9 h-1"1adr rodp r

2. The flow in the first region—the Riemann wave—is defined by the formulae

v, =0, v‘.=ﬁ;—1(n+l), c= ~h—l~n) 2.1)

=~

The equation of the characteristic, which separates the Riemann wave and the perturbed two-
dimensional flow, is found from system (1.3) and the values of the functions in the Riemann wave

dan 2¢§

d§ §2~C2

With the initial values & = 0, 1 = 0 the solution of Eq. (2.2), i.e. the equation of the characteristic,
will be

22)

. =2 %
§-_——[h(h—2)]‘ﬁ{:1_( —TT‘—]) } (h-1-m) 23)

] e

The Riemann wave will correspond to the flow in the first region up to the instant ¢§ when the
separating characteristic meets the plane x = 0. The lines of intersection in the &, 1 plane will correspond
to the point where the function &(n), which defines this characteristic, is a minimum

h=1/(2 1/ (h-2) ) 1/(h-2)
gmin =_T(Z) « Nmiin =(h~1) I-(—I-_l) }<’h—l (24)

In the x = 0 plane we have § = —1/t. Consequently

V(h-2)
«_ (h) (25)

0= —

h-1

Hence, when ¢ = ¢} the first region only exists in the range 0 < 1 < n;, and, consequently, the free
boundary, the equation of which in the Riemann wave is 1 = & - 1, does not occur in the first region.
In polar coordinates the Riemann wave in the first region is defined by the formulae

v, =2 s )si = L1+ rsing)cos
r== (1+rsin@)sing, v, =- ; (I+rsin@)cos@ (2.6)
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_(h-1 rsin(p)2
f ( h h

while the equation which defines the separating characteristic has the form

dr uq,(v,.—-r)—\/?rcos(p

ar _ 2.7
dp " f-ve @7
The equation of the characteristic itself is given by the implicit function
v, rsing '™’ %
reos@=(h—1-rsin@)}h(h- NESH —(l - I‘ ' ) (2.8)
" —

As @ — 0, the equations of the characteristic and the functions of it have the following asymptotic
forms

h-1 +(lz—1)(7/1+6) 3 fz(h—l)'[l 2 5 12—511(‘)4]

== ———— — + 5
h 1247 h P 6h?
h-1 Sh—-6 , 1{(h=1)h=-2) 1) .
= — . | Tt = ——
v h (p[ Ten T +4( n* 307 J (29)

o' +— ;

h=1]. h=2 5 1 K +10h=-12 ,
Vp = 1+ 3 0
h 2h 24 h

The following values correspond to the point where the characteristic meets the plane of symmetry

x=0
1/(h=2)
P=9,= arctg(- ———2""“ ]= arc(g{h[(g-) - |}}
min -
=D (2 ya-n WP
r=(h-1)}1-2| — +| —=+1 =
r= )[ (”) (h' )\h}

3. The method of determining the asymptotic form of gas-dynamic functions in the second region red-
uces to representing the gas-dynamic functions in the form of the first few terms of the asymptotic series
and substituting them into system (1.5), after which one can obtain in an obvious way the equations which
govern the coefficients of the expansion. Here the asymptotic forms on the boundaries of neighbouring
regions obtained from the values of the functions in each of them must be identical in definite orders.

In the second region, the flow in the principal term is of the Prandtl-Mayer type, where all the gas-
dynamic quantities are functions of the angle ¢ only. By (1.5) these functions are defined by the system
of equations

(2.10)

v v h-1

2Lwitv V=0, 2@, -v))-—F'=0

S A (3.1)
Vr e 2 ot _u )= .
rf+h—1f(u‘p v,)=0

and the initial data
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h-1 h-1)?
(p=0, U,,=0, U(p:—T. f=(IT) (32)

The solution of system (3.1) and (3.2) can be written in the explicit form

2
_h-1. @ __EL.L - =(ﬁ:—]) cosz—(p— 3.3
v, = \/ZSlnﬁ’ U‘p— h LOS\/—E, f h \/’E (-)

Here 0 < ¢ < V(h)n/2. The line @ = V(h)n/2 corresponds to the free boundary when there are no
perturbations. Obviously the proposed investigation only holds when V(k)m/2 < @g, where @y is the angle
corresponding to the half-plane which bounds the initial region of the vacuum. Since @y < 3n/2, we
will henceforth assume & < 9.

When ¢ — 0 we obtain the asymptotic form

h=1 h-1 , k=l k-1,
v, =0 T—W y Vg=——+—=0

o 4]

The asymptotic form of the flow when ¢ — 0 along the separating characteristic (2.9) is identical with
the corresponding asymptotic form of the Prandtl-Mayer solution (3.4) only in the principal term. Hence,
to match the solutions, starting from the asymptotic forms (2.9) and (3.4) we will seek the asymptotic
form of the solution in the part adjoining the characteristic of region 2, as ¢ — 0 and r — 0, in the form

(3.4)

v, =v rO(g)(p v, (C)(p:‘ +v r2 (t.n)('pi
Vo =V g0(§) 4V 1 (09 +v o ()¢ (35)

F=/EQ+[EGP + LG9 C=r/¢)

The boundary conditions for the equations defining the functions with subscripts 0 and 1, will be the
values of these functions when { = {y = (h — 1)/h, corresponding to the characteristic, and when { =
€ = 0, corresponding to the Prandtl-Mayer solution. We have

h-1 h-1 -1\?
C=C,: U.‘o(Co)=-1h—, v(p(,(co):_.'T_ f0=(h_l)

h
_(h-1)(5h-6) _ _(h=D(h=2)
v, (o) el Vao)= — (3.6)
h-1)?
fl(€0)=—2( h])

h-1 h-1 h-1 2
C=4: vo@= 2 vee=- fo=(4)

h-1 h-1
U”(Cl)=__6-h—’ U(p(Cl):'%h_z (3.7)

(h=1)?
h3

fHE&)=-
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The functions with a subscript of zero are defined by the system of equations

’ h-1 I
Urd/roC"’_foC-U(po(Uro Vo) =0
9 ) y (3.8)
(oOU‘pOC"' fOC 0, mf()u(po +Uq:0f0=0

Here and henceforth the prime denotes a derivative with respect to the corresponding variable.

The solution of the system consists of constants which are identical with the boundary conditions for
the functions with a subscript of zero.

To obtain the equations which define the functions with a subscript of one, we will use a method which
will be employed repeatedly later. If we substitute the first two terms of representation (3.5) into system
(1.5), we obtain only two linearly independent equations defining the functions with a subscript of one

]
';I_U;I —%flg‘;(&’rl +4))=0
3.9)
4 2(h-1)

2
h ¢|§ fE+2fi - Uq)l h; =0

Here the second equation can be replaced by the first integral, which, taking boundary conditions (3.6)
and (3.7) into account, can be written in the form

h-1

Vol --fn =3r (3.10)

In order to obtain the lacking third equation, we will write two equations of the system which define
the functions with a subscript of two

, h-1 _, . ,
U¢W¢2C+_2‘f2§ = @Yo +2(h=1)f, ~W,0 —Cl gl +
'H/(pl(zutpl "2UJ>IC) Vot ~Vpd ri

l) , -1, h-1 h-1
o2+ sz=—8'hTU¢z +é—

-2(h-
i

hHh+
+;::_‘T[fou NG+ gl +@We +v,0 =OAC+ 1 - W0 —(h+ 1) f]

Subtracting the first equation, multiplied by 2/h, from the second, we obtain the lacking third equation.
Hence, using the first integral (3.10), the determination of the functions with a subscript of one can
be reduced to integrating a system consisting of two differential equations

2h-3 2h h
( P "2C+h_l%1)“plc+ ,1§——‘- W)+ h—_—{vé.

- val+vl=vg +3 v, (3.11)

Here, according to boundary conditions (3.6) and (3.7), it is required to obtain an integral curve
connecting the points A and B, where

h-1 (th=1)(5h-6) (h=1)h=2)
A: =— =_——',-_- R ——
=T v oh’ Yol 217
e _ h-1 h-1
B 820 vn=—m ve g
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The exact solution of system (3.11) can be written explicitly as follows:

2 2
=~[(0‘+X) 2oy —5/207) a} Ve =—%(a+x)l+—a-

g 3o’ 6h 2h
(3.12)
(a = t_.l_ = g - h_—_.l.)
no X h
From the first integral (3.10) we obtain the function
i o’
f=-g@rn)’ +or (3.13)

which, as can be easily verified, satisfies the boundary conditions. Two conclusions, which are important
for later investigations, follow from the formulae obtained.

1. In the asymptotic form obtained in powers of  the coefficients of the zeroth and first powers of
y, are identical with the corresponding coefficients of the unperturbed flow.

2. Since o. + y = r/g, the solution obtained has the following form in powers of r

G =W, 0, f)=Gy(@)+r*Gy(@)+... (3.14)

The solution obtained can be extended in two directions: along the separating characteristics, and
for finite values of ¢, but for small values of r.

4. To obtain the asymptotic form of the solution in the neighbourhood of the characteristic, the
equation of which we will denote by r = r(¢), we will represent the gas-dynamic functions in the form
of asymptotic series

G =Go(@)+(g- DG (9 +(g- D Co(@)+.... g=r/r(@) (4.1)

Functions corresponding both to the unperturbed and the perturbed flows must satisfy the system
of equations, which will be obtained for determining G(¢). The initial asymptotic forms for the perturbed
flow as ¢ — 0 correspond to the functions determined in Section 3.

In view of conclusion 1 reached at the end of Section 3, the functions Gy(¢) and G(¢) will be identical
with the corresponding solutions for the unperturbed flow. Substituting series (4.1) into system (1.5)
we obtain a system of equations for determining G,(¢) in which only two equations are linearly inde-
pendent. The lacking third equation is obtained by the method employed earlier.

We will write the system of equations for the functions with a subscript of three. The determinant
of the system is also equal to zero here, but the right-hand sides contain functions with a subscript of
two and their derivatives. The linear combination of the equations obtained with coefficients

1, A=rfr
B=[rvcos@- \[E(v o~ Oy - l)\/z(ﬁ) —U«io )

reduces the combination of the left-hand sides of the equations to zero, and gives the lacking third
equation for determining the functions with a subscript of two. The following system of equations is
thereby obtained

v

28U +(h=-Dfo =, v, —r)+(u,’.0—"—_u,.,)(uw| —Vgo)+

"4

r 2
S R ol T Wt o1 ~Voo
[

r
’

r’ N
28v 4, +(h—l)7f2 =V W, —r)+(u,.0 ——r—u‘pl )(uw —Vgo)+

r h-1 _,
"’(an —TU(pl)_Uq)()Url U,V o1 +V ¥ g0 +T(f' - fo)
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. 2 2\, h-1 "
VoV r2 +(Avv.p0 +’I;':'i'B.fO}"(p2 +(—2—A+U¢08)f2 =

3
|20 =40, 420 g0+ U T
1 — —

. , rl , r,
+{—(v 0~V 7+2u,.0)+ A[2(v,l =) =Vgy +3v, 7+u¢0j|_

4.2)
, h+3 r
-B(fo— — f.ﬂ}«.‘,ﬁ
+B Il(u,.l—r+v ,f—)+i(u.o—u’0+u.,+u z -
® r h—1 r [} r ol r 2
’ ,.’ ’
~Wg Vo) v}, —Uq)()urlT"U(il TV (W g9 U p) +
h=-1( ,. . r , r
+A '—2_ fl_ﬁT ol “{Vql _U(pIT_UrI (v(pl _U(pO)_UrOv(pl +
o A
+B{‘.fo -1V eo +U¢()(f| -h T)*‘
2 b rd o r r’
+K_l SVt W,V Voo~V fi + folvg, ‘U¢1)7
Here
r’ h-1 . .
S=v,.0—r+70‘p0, Vo= ; (rsin@+1)sing
h-t . - (h=1 rsing)?
U(pO = _ ; (rs'n(p+l)cos(p, f =(il1____ U “:(P) (4.3)
_h—- .2 _ Il—]“. o
v, = ; rsin“Q, v, =- rsin@cos ¢
h-1 rsing

A=A

; )rsin ¢

Substituting the expressions for v,5(¢) and Vg2(@), taken from the first two equations, into the third,
we obtain a linear differential eqluation for the function f(¢), which must be integrated in the limits
0 < ¢ < @9 = - arctg{h[1-(h/2) /("'2)]} < w/2, where the coefficient of f is equal to — 2rcosq/[(y, —
1)Vf] for the initial asymptotic form

O—o0; f=—(h-1)2h 2 (4.4)

Singularities may arise in the solution only if some of the quantities f, — 1)?,,0, S vanish. However, it
can be shown that these quantities vanish only when ¢ = 0.

Hence, in the neighbourhood of the characteristic in the second region the functions with subscripts
zero, one and two are continuous and have continuous derivatives. This assertion also holds for the
coefficients for the asymptotic series with higher numbers, since the occurrence of a singularity
in the corresponding equations is due to the fact that the expressions f, — nf,o and § vanish. Hence,
we can assume characteristic (2.8) to be the boundary of the flow considered in the range
0<o<g



480 Ya. M. Kazhdan

5. The asymptotic form of the flow as r — 0 and finite ¢, must be sought, starting from (3.14), in the
form

U, =U,0(9)+r0,5(9), Vg =Ugo(9)+ FUga(9) ¢.1)
f= fo(@)+r* f(9)

The functions with the subscript zero correspond to the Prandtl-Mayer solution

h-1. ¢ -1 @ (h—]]z , @
Vg =—F=Sin—=, U, =—-———C0s~—=, fo=|—"] cO8*—= .
0 r «/F %0 P cos N7y fo P cos N (5.2)
Functions with subscript two are defined by the system
UgoUr2 + (Vg0 + V10 g2 —2U,0V,2 —(h =1 f, =0

’ h-1 ,
VgoVg2 + _2_f2' +(Ugp = 30,0 W2 ~VeoV,2 =0 (5.3)

2 ’ ’ ’, 6 - 2h 2 ’ —_
‘h-___luio”qz +Vgofy + foVe2 —mfourz + (—;_—lvro "‘h—_—.l‘vq,o )fz =0

From the last two equations we can obtain the final relation for the functions v;,, vy, fa. Using this,
we can reduce system (5.3) to two differential equations, defining the functions v,,, v,,, and to the final
expression for f, in terms of these functions

20 Vi Ih-1)
_2Ur0 ——
h+1v, N

VgoUrs +| —— 9
e ! h+1

2
3h h Vo 3h h+2  (h=1)?
UV — =V — =V, Uy — + v,=0 (54)
nel VO TRy T T ey e [h+l nhr D, | 007

Voo
= m[“h ~2)urgVg2 — 2hUgey ;s |
,

It follows from the Prandtl-Mayer solution that when ¢ = V(h)n/2 the function fy = 0, i.e. the free
boundary corresponds to this value of ¢ when r — 0. Hence, the integration must be carried out within
the limits of the variation of @: 0 < ¢ < V(k)n/2. By (3.12) and (3.13) we have the following asymptotic
formas¢@ —> 0

v =040t va=—t-le 1 z——-—(l+—(p) (55)

The departure from the origin, according to the asymptotic form (5.5), defines the unique integral
curve of system (5.4), the asymptotic form of which as ¢ — V(h)m/2 is given by the formulae

3Vh . )
U,y = h—+—lC|9HI . Utp2 = C,G'
0 4h-2 . 3Vh e
=_ coe" + C,0 .
£ «/E(h+|)[ NP Y (56)

where 0 = 1/2 — @/Nh, while C; is a constant which depends on 4. Hence, as 7 — 0 in the neighbourhood
of the free boundary the asymptotic form of the gas-dynamic functions can be represented in the form
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u,=%/—%-l—(l —i—] 13;\-/1—_ Co"t "+ uwz—ﬁ—;—l9+qe"r2+...

2 h+1
/= (ﬁ_;—l) o - \/%31+ D [4:1/%2 * thl e}’2+"' 67
6. The free boundary is defined by the equations
£=0, Lo Jhrl=r 61)
de Uy
with initial data 8 = 0,7 = 0.

In the main terms we have v, = (h — 1)Ah, Vp =~ —~(h—1)6/h as 6 — 0 and r — 0. Hence
dridd=—hr/@ (62)
i.e. according to the initial data when 6 — 0 and r — 0 the equation of the free boundary is 6 = 0.

When 0 — 0 and for finite values of r, by (5.7), the asymptotic flow in the neighbourhood of the free
boundary can be represented in the form

U, =cosBu,o(r)+0" M, (N +0" Py, (r)+...
Uy =5in By (r)+ Gl'v‘pl (r+ 9"+2v¢2(r)+. . (6.3)
f=sin?0f, (1) +6" f,(r+6" f(r)+ ..

It will be sufficient in what follows to determine the functions with subscripts zero and one. The
equations defining the functions with subscript zero, are as follows:

U r()vtp()

, , 1 h-1
(v,o—r)v,.0=0, (U"O_r)u‘°0+\/ﬂrui()+ . +x/ﬁr fo=0

’ U(PO —
(vro )fo+2( fox h_]( ; +v,40+—ﬁr)fo—o (64)
with initial data
- h-1 h=1 . (h=1Y
r=0-v,,;=—, = fi=|— 6.5
0= Ve =m0 o (h) (6.5)

The constants corresponding to (6.5) will be an obvious solution of this problem.
We will write the system of equations defining the functions with subscript one, taking the values of
the functions with subscript zero into account, in the form

[h-l_r)du,,Jrh-ldi:hZ-lv _th-ny

vh a2 dr hJhr "' R

h=1_ \vg 1 h-1i h? -1

[ﬁ—r) o 'r(hﬁ % 5T .f.J (6.6)

(h-1' rjﬁ= I [—2(/1—1)(2/1—1)” +(h_,)-fl}

\/E r\/h— h? ol h
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with initial asymptotic form

3Wh 4h -2
Vg =Crt, v, =——Cir?, f =- C r? .
9l 1" i irss A h(h+1) 1’ (6.7

The corresponding solution of this system can be written explicitly as follows:

h+1
— h-1 a2 (h=1)?
vy=M PG+ ——C[MV S 3 2T
: [2 h / «/—I;(h+l) T

4h-2 r
Vo =CM?, fi=——"Z ¢y  M=—o T
# TSI (h=1)/\h—r (6:8)

It agrees with the initial asymptotic form (5.7) if we put C = (k - 1)® C;/h and C, = 0. Hence, in the
neighbourhood of the free boundary when 8 — 0 and r — (h — 1)V, we have

h-1 (-1 H(h-1 Y
U, = —=—cos0+2 ——— My
\/.}7 0s it D) W \/I; r{ 8" +

h-1 . | (h=1)? r?
=~ -——sin0+6"C )
Uy p sin@ + ,': PRRNTTSS TN e + 6.9)

2
r

=1V 5 [ i=n2@n-2) 2
=|——1 s5in“08+0""'C =
! ( h )m W' R+ (-1 /R 1T i

7. The point 8 = 0, r = (h ~ 1)~k is obviously a singular point for the solution (6.9), and starting
from the asymptotic formulae (6.9) the solution in the neighbourhood of this singular point when A <
5 can be represented in the form

U, =V, (W), Uy =6uy, (y), f=0"F(y)

\/I_l lel(h—l)/Z
AT D

The corresponding equations for the functions with subscript one then take the following form

-1 ) UZI
ST B

v =0; (2+vg v v+ 5

, 2 ;oo 2h . 2
(2+U¢|)F1W+h__lﬁ%l\ll——2((h_ l)z Flvwl + h—1 Fl) (72)

while the initial asymptotié forms as y — 0 will be

_h-1 h-1 (h-1) . ,
i e
h=1\" (4h-2)h-1? . ,
F = - C .
: ( h ) REh+1) (7.3)

By dividing the second equation of system (7.2) by the third, we obtain an equation, the solution
of which can be used to reduce the solution of system (7.2) and (7.3) to quadratures. Making the

substitution
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2
Vol = h=liw, R =(ﬁ:—l) +@
h h

this equation and the initial data for it can be written in the form

4o _ (428 = DW +2(h = DA(W? = ®)Ih2D + (h~1)*] (74)
dW  (h—=Dh[=2(h - D)+ (b’ =2h% + 3W + KW W + (h = DR2(h* =1 = hW)D
W=0,0=0

Equation (7.4) has six singular points (W, ®;) (i = 1, ..., 6). For each point the nature of the singularity
is determined and, from (7.2), the corresponding value of y; and the asymptotic forms W; (y), ®;(y)
asy - ;.

The sinlgular point Wy = 0, ®, = 0 coincides with the initial data. The nature of the singularity is a
saddle, the separatrices of which

4h -2 W

2
= — lb = -
(la) @ hW, (1b) @ WD)

By (7.3) the integral curve of Eq. (7.4) follows separatrice 1b, where the corresponding value is y =
y; = 0 and the asymptotic forms y — y; is

W, = Cy?, ®=[h(h+ D] (4h-2)Cy?
The singular point W, = —(h + 1)/h, ®, = —[(h — 1) / h} is a saddle point, whose separatrices are
(2a) ®=d,, (2b) ®-D, =2(h-3)h-1)"(W-W,)

The corresponding value of y = y,(y, # 0), and the asymptotic forms of W(y) and ®(y) as y —
W, will be in accordance with separatrice 2b

B(A+1), ¥

MDY oo, 4

WzW2+ B)
h-3 vy, (h-1)"  y,

The curve y = y;, and 6 — 0 is the free boundary, since the corresponding conditions f (y;) = 0 are
satisfied on it, and as 8 — 0 it coincides with the integral equation dr/d8 = vk r(v,— r)uq,‘l, or in principal
terms dy/d® = (h — 1)y(v, + 2)(2v,8) .

In fact

f(w2)=e21;‘l(w2)=62{[(h_l)/h]2+¢’2}=0
Vo1(Wy)=—(h—1)/ h+ W, = =2

The singular point W3 = (h — 1)/, @3 = —{(h - 1)/h]? is a node, the separate whisker of which is ® ~ ®; =
2(3 - h)(h — 1)"}(W - W), while the curves of the common direction are governed by the asymptotic form
h-1

W-W, = C(@-®)" V4 —— (@~
3= U@ -Dy) Y 2oom %) (7.5)

When & < 3 this point corresponds to | y | = o with asgmptotic form W= W; + Cly.
The singular point W, = — (h — 1)k, ®; = —[(h — 1)/k]* is a node, the separate whisker of which is
® - P, = [(h - 3)/2)(W - W,), while the asymptotic form of the curves of the common direction is

W-W, = C(®- )2 +[2/(h-3)(D-D,)

When h < 3 the value ¢ = 0 corresponds to this point, and | y | = o when h > 3. Here W-W, = =
C | v |2/(3—h).

The singular point Ws = — 2(h — 1)/[h(h — 2)], ©5 = —4(h - 3k + 1)/[h(h — 2)}* is a node, the individual
whisker of which ® — @5 = 2(h - 3)(h — 1)(h — 2)*] " (W — W), while the integral curves of the common
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direction touch the straight line

- D5 = 2(h-3)(h—D)(h-2)]" (W - W)

When the integral curves approach along a common direction, the value ¥ = ys # 0 corresponds
to this point with asymptotic form

W—“’Sz 2 lnl
k-2

The line y = ys when 2 < k < 3 in the principal order when 8 — 0 and r — (h — 1)/h coincides with
the characteristics, which here is defined by the equation

NAM £ F[(h =1 =hr)* - 182 N] 1}

dy __(h-Dy

4 8 [ [Vhr - -n]n 2 (79)

M=v,[(h-1)/Vh-r], N=F -v}

Since for finite values of y the difference (h — 1)Nh —r = 6%2 when h < 3 Eq. (7.6) asymptotically
acquires the form

By virtue of the asymptotic forms derlved earlier, this equation can be rewritten in the form dy/d0
= h(y —ys)/[(h - 2)0, i.e. y = ys5 + A0"®2) where A is a constant which depends on .

The singular point | Wy | = e <I>6 = oo is a node. The asymptotic form of the curves of the common
direction has the form @ = CW and the corresponding value y = yg = — 0 for the asymptotic
form W= Al y [, & ~ CAY v |“’(" Y, Here v, = (h-1)Nh -, f = [(h-1)Nh — r}* and the line y =

P A
1<h <2 e ]
\ °
@ ! W
|
e
e e | ®
__; — ——-- : _____
® |l e
|
* A ®
A>3 e
®
D ! w
——
|
e
e © JIQ
- s e
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0 corresponds to the characteristic. This follows from the asymptotic form of the equation of the
characteristics in this case: dy/d6 =~ (h — 1)y/(20), i.c. y = B| 0 {12 where B is a constant which
depends on A.

From the scheme of isoclines (see Fig. 1) and the values of the variable y derived above. at the
corresponding singular points one can determine the form of the integral curve (the plus and minus
signs in the figure correspond to the sign of the derivative d®/dW in the region bounded by the zero
and infinity isoclines; the horizontal dashed lines correspond to 4 = —[(k — 1)/k]’ and the vertical dashed
lines correspond to the value W = (h% - 1)/k). Here one must take into account the fact that the integral
curve, in the final analysis, must intersect the point corresponding to the free boundary, i.e. the singular

pOil'lt W2, ‘I’z.

When # < 3 the required integral curve, emerging from the first singular point, corresponding to y = +0, passes
through the point W, ®;, corresponding to the value y = *oo, touches the line ® = —[(k — 1)/h]%, and after that
it proceeds to the infinitely distant point W = % oo, ®¢ = oo, Its subsequent motion depends on whether 4 < 2 or
h>2

Scheme 1: 1 < h < 2. At an infinitely distant point, by varying the direction, which is possible since the value of
y = -0 corresponding to it in the principal term coincides with the equation of the characteristic, it passes through
the saddle point W,, ®, along its separatrice.

Scheme 2: 2 < h < 3. Taking into account the fact that the integral curve, as W = — oo, @ = oo, passes to the left
of the zero and infinity isoclines of Eq. (7.4), we conclude that when it is extended to W > —oo it intersects the
nodal point W5, ®s in the common direction, after which, changing direction, it arrives at the saddle point W,, ®,.
A change of direction is possible since the point W5, @5 corresponds to the line y = 3, the equation of which
agrees in its principal terms with the equation of the characteristic.

Hence, when A < 3 the motion of the integral curve is completed on the line y = ..

Scheme 3: h > 3. In this case, in the neighbourhood of the singular point W;, ®; solution (7.5) in the principal
terms can be represented in the form

h-1
W= b
23-h) (7)

i.e. the extension of the integral curve of Eq. (7.4) when W > W; would lead to negative values of F(y), and
consequently, of f(y), which is contradictory. Hence, when 2 > 3 the integral curve of Eq. (7.6) emerges along the,
separatrice 1b in the direction @ > 0, corresponding to the initial values of the singular point W, ®, i.e. towards
negative values of the variable y. Then the separatrice, according to the scheme of the isoclines 3, intersects the
zero isocline, and then the infinity isocline, and as a result intersects the node corresponding to the singular point
W,, ®@,, along the common direction. At this point vy = —~(h — 1) and F; = 0, where d®/dW = 0, and the
corresponding value is y = -0, Vg = | ¥ IZ/(H), Fi=|y [+ G-, Consequently, the derivatives of all orders in y of
the functions vy, and F; at this point vanish, by virtue of which further motion of the integral curve is permissible
along the line F; = [(h - 1)/]* + ® = 0, which is the integral of Eq. (7.4), up to the singular point W,, ®,. Hence,
the equation of the free boundary for all values of 1 < & < 5 (3/2 < y < o) in the neighbourhood of the point (8
= 0,7 = (h — 1)Nh can be represented in the form

(h-1)/2
pah=l (O (1.8)

vh Vo

i.e. it deviates from the line 8 = 0.

Note that the line y = —o also satisfies the conditions of the free boundary. However, the possibility of a further
advance of the integral curve to the singular point W,, @, and the continuity of the expected results with respect
to the parameter h, enable us to assume that the free boundary is defined by Eq. (7.8) when & > 3.

This investigation was suggested by A. N. Kraiko. We also discussed our preliminary results with him,
which led to some corrections. The manuscript was prepared by M. S. Gavreyeva and E. A. Zabrodina.
The graphs were drawn by A. V. Severin. I express my grateful thanks to all of them.

REFERENCES

1. STANYUKOVICH K. R., Unsteady Motions of a Continuous Medium. Gostekhizdat, Moscow, 1955.

2. SUCHKOV V. A, Flow into a vacuum along a sloping wall. Prikl. Mat. Mekh. 27, 4, 739-740, 1963.

3. BAUTIN 8. P. and DERYABIN 8. L., The escape of an ideal gas into a vacuum. Dokl. Akad. Nauk SSSR 273, 4, 817-820,
1983.



486 Ya. M. Kazhdan

4. KRAIKO A. N., Asymptotic features of the unsteady expansion of an ideal gas into a vacuum. Prikl. Mekh. 58, 4, 70-80, 1994.
5. VAN DYKE M., Perturbation Methods in Fluid Mechanics. Mir, Moscow, 1967.
6. KAZHDAN Ya. M., The motion of a gas behind a diverging detonation wave in a space with a truncated cone. Prikl. Mat.

Mekh. 31, 5, 916-928, 1967.
7. ICIN A. M., Matching of Asymptotic Expansions of the Solutions of Boundary-value Problems. Nauka, Moscow, 1989.

Translated by R.C.G.



